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HO¨LDER CONTINUITY FOR THE p-LAPLACE EQUATION
USING A DIFFERENTIAL INEQUALITY
FREDRIK ARBO HØEG
Abstract. We study Ho¨lder continuity for solutions of the p-Laplace equation.
This is established through a method involving an ordinary differential inequality,
in contrast to the classical proof of the De Giorgi-Nash-Moser Theorem which uses
iteration of an inequality through concentric balls.
1. Introduction
In this paper, we study solutions of the p-Laplace equation,
(1.1) ∆pu = div
(
|∇u|p−2∇u
)
= 0, 1 < p <∞.
It is a nonlinear second order partial differential equation in divergence form. The
equation is degenerate for p > 2 and singular for p < 2.
Due to the singularity and nonlinearity of the p-Laplace operator, we cannot always
expect solutions of equation (1.1) to be smooth. We say that u is a weak solution of
equation (1.1) in a domain Ω ⊂ Rn provided∫
Ω
|∇u|p−2 〈∇u,∇φ〉 dx = 0
for all smooth test functions φ.
We will show Ho¨lder continuity for weak solutions of the p-Laplace equation. This
is not a new result, see for example [LU]. However, the method is new and was used
by Paulo Tilli in [T] for linear equations in divergence form. We will apply the same
strategy here.
Throughout the text, we will restrict the range of values for p to
1 < p < n.
For p > n, in fact all functions in W 1,ploc (Ω) are continuous, see Theorem 7.17 in [GT].
For p = n, the proof is based on Morrey’s Lemma, which can be found in Theorem
7.19 in [GT].
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A crucial step in proving Ho¨lder continuity is the following Oscillation Theorem.
If the Oscillation Theorem is true, the Ho¨lder continuity follows as in page 3 in [T].
Theorem 1.1. The Oscillation Theorem
Let u be a bounded weak solution of
∆pu = 0 inB4.
If
|{u ≤ 0} ∩B1| ≥
1
2
|B1|,
then
sup
B1
u+ ≤ C|{u > 0} ∩ B2|
α sup
B4
u+
for some α ∈ (0, 1).
The paper is organized as follows. First, we list some preliminaries for the study.
Then, we focus our attention on the Oscillation Theorem. To prove this, we derive
an ordinary differential inequality which is used along with a modified Caccioppoli
inequality. This is in contrast to the classical proofs in for example [Dg].
2. Preliminaries
Caccioppoli type inequalities. We give some inequalities needed later for so-
lutions of the p-Laplace equation.
Lemma 2.1. Caccioppoli inequality: Let u be a weak solution of (1.1) in a
domain Ω and let r > 0 with B2r ⊂ Ω. Then∫
Br
|∇u|p dx ≤ ppr−p
∫
B2r
|u|p dx.
Proof. Multiply equation (1.1) with uφp, where φ is a test function, zero outside B2r.
Then
0 =
∫
Ω
uφpdiv
(
|∇u|p−2∇u
)
dx
= −
∫
Ω
φp|∇u|p dx− p
∫
Ω
uφp−1|∇u|p−2 〈∇u,∇φ〉 dx.
By Ho¨lder’s inequality we find∫
Ω
φp|∇u|p dx ≤ p
∫
Ω
|u∇φ||φ∇u|p−1 dx
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≤ p
(∫
Ω
|u∇φ|p dx
) 1
p
(∫
Ω
|φ∇u|p dx
) p−1
p
.
Rearranging gives ∫
Ω
φp|∇u|p dx ≤ pp
∫
Ω
|∇φ|pup dx.
To finish the proof we choose the test function φ to be radial with

φ = 1 inBr
|∇φ| ≤ 1
r
inB2r \Br
φ = 0 outisdeB2r.
Hence ∫
Br
|∇u|p dx ≤ ppr−p
∫
B2r
|u|p dx.

The Caccioppoli inequality above is often the starting point in the De Giorgi-
Nash-Moser approach to achieve Ho¨lder continuity. For our method, we need an
inequality relating an interior integral to a boundary integral. In the next Lemma,
(u− k)+ = max {(u− k), 0}.
Lemma 2.2. Assume u is a weak solution of equation (1.1) in BR. Then∫
Br
∣∣∇(u− k)+∣∣p dx ≤ ∫
∂Br
∣∣∇(u− k)+∣∣p−1 (u− k)+ ds.
for almost every r < R.
Proof. For a formal proof, multiply equation (1.1) by (u−k)+, and use the divergence
theorem. More carefully, we multiply equation (1.1) with η(u − k)+ where η ∈
H10 (Br). This gives
0 =
∫
Br
η(u− k)+div
(
|∇u|p−2∇u
)
dx
= −
∫
Br
η|∇u|p−2
〈
∇(u− k)+,∇u
〉
dx−
∫
Br
(u− k)+|∇u|p−2 〈∇u,∇η〉 dx,
∫
Br
η|∇(u− k)+|p dx ≤
∫
Br
(u− k)+|∇(u− k)+|p−1|∇η| dx.
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Taking
η = ηǫ(x) = min{1,
r − |x|
ǫ
}
and sending ǫ to zero proves the Lemma.

A modified Poincare´ inequality. The following can be found in Theorem 3.16
in [G].
Theorem 2.3. Let Ω ⊂ Rn be open and connected with a Lipschitz continuous
boundary. For every u ∈ W 1,p(Ω), p < n, taking the value zero in a set A with
positive measure, we have
||u||p∗ ≤ c
(
|Ω|
|A|
) 1
p∗
||∇u||p,
where p∗ = np
n−p
.
3. A differential equation
Let
g(ρ) =
∫
B2−ρ
∣∣∇(u− kρ)+∣∣p−1 (u− kρ)+ dx, ρ ∈ (0, 1).
Our plan is to find a differential equation for g and to eventually show that g(1) = 0.
If we can show that g(1) = 0, the assumptions in Theorem 1.1 can be applied to get
the desired bound.
Differentiating we find
−g′(ρ) =
∫
∂B2−ρ
∣∣∇(u− kρ)+∣∣p−1 (u− kρ)+ dx+ k ∫
B2−ρ
∣∣∇(u− kρ)+∣∣p−1 dx
≡ a(ρ) + kb(ρ).
For the differentiation, we used the following rewriting of g.
g(ρ) =
∫
B2−ρ
∣∣∇(u− kρ)+∣∣p−1 (u− kρ)+ dx = ∫
B2−ρ
|∇u|p−1(u− kρ)+ dx.
We want to connect g′ and g to get an ordinary differential equation. By Ho¨lder’s
inequality and the modified Caccioppoli inequality, Lemma 2.2, we find
gp ≤
{∫
B2−ρ
∣∣∇(u− kρ)+∣∣p dx
}p−1 ∫
B2−ρ
(
(u− kρ)+
)p
dx
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≤
{∫
∂B2−ρ
∣∣∇(u− kρ)+∣∣p−1 (u− kρ)+ ds
}p−1 ∫
B2−ρ
(
(u− kρ)+
)p
dx
= (a(ρ))p−1
∫
B2−ρ
(
(u− kρ)+
)p
dx.
Let
M = sup
B4
u+
and recall the Sobolev conjugate
p∗ =
np
n− p
.
Under the assumptions in the Oscillation Theorem, we apply Theorem 2.3 to get
gp ≤ ap−1
∫
B2−ρ
(
(u− kρ)+
)p
dx
≤ ap−1M
n+p−p2
n−(p−1)
∫
B2−ρ
(
(u− kρ)+
)(p−1)∗
dx
≤ CM
n+p−p2
n−(p−1)ap−1
{∫
B2−ρ
∣∣(∇(u− kρ)+)∣∣p−1 dx
} (p−1)∗
p−1
= CM
n+p−p2
n−(p−1)ap−1b
n
n−(p−1) .
To relate g to g′ = −(a + kb), we let q > 1 and use Young’s inequality with an ǫ,
ap−1b
n
n−(p−1) ≤
1
q
(
ǫap−1
)q
+
q − 1
q
(
b
n
n−(p−1)
ǫ
) q
q−1
.
To match the exponents for a and b, we take q = 1 + n
(p−1)(n−(p−1))
. This gives
ap−1b
n
n−(p−1) ≤
1
q
ǫq
(
a(p−1)q + (q − 1)ǫ−
q
2
q−1 b(p−1)q
)
.
We now choose ǫ from the following equality to match the derivative of g,
(q − 1)ǫ
−q
2
q−1 = k(p−1)q.
Then
ap−1b
n
n−(p−1) ≤
1
q
ǫq
(
a(p−1)q + (kb)(p−1)q
)
≤
Cǫq
q
(a+ kb)(p−1)q
= C2ǫ
q (−g′(ρ))
(p−1)q
.
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The differential inequality can then be written
gpǫ−q
C3M
n+p−p2
n−(p−1)
≤ (−g′)
(p−1)q
.
We can now insert the values for ǫ and q. For convenience, put
γ = γ(n, p) = np− (p− 1)2 > 0.
Then
(3.1) g′g
p−1
γ
−1 ≤ −
k
n
γ
C4M
n+p−p2
γ
.
4. Proof of the oscillation Theorem
We are now ready to prove Theorem 1.1 using the differential inequality (3.1). We
calculate
d
dρ
(g(ρ))
p−1
γ =
p− 1
γ
g
p−1
γ
−1
g′ ≤ −
k
n
γ
C5M
n+p−p2
γ
.
Now, we claim that g(1) = 0. The above differential inequality can be integrated
from ρ = 0 to ρ = 1, provided g(ρ) 6= 0 for ρ in this range. If g(ρ) = 0 for some
ρ < 1, the claim is true, since g′ ≤ 0. If not, we integrate from 0 to 1 to get
(g(1))
p−1
γ − (g(0))
p−1
γ ≤ −
k
n
γ
C6M
n+p−p2
γ
.
By definition, g(1) ≥ 0, so we want to exclude the case g(1) > 0. If this is the
case, we have
0 < (g(1))
p−1
γ ≤ (g(0))
p−1
γ −
k
n
γ
C6M
n+p−p2
γ
.
Now, we choose k such that the above is zero,
k = C0M
n+p−p2
n g(0)
p−1
n = C0
(
sup
B4
u+
)n−p(p−1)
n
{∫
B1
|∇u+|p−1u+ dx
} p−1
n
.
This gives the contradiction 0 < g(1) ≤ 0, so we must have g(1) = 0, i.e.
∫
B1
∣∣∇(u− k)+∣∣p−1 (u− k)+ dx = 0.
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We can rewrite this to∫
B1
∣∣∣∇(((u− k)+) pp−1)∣∣∣p−1 dx = 0.
Then, by the assumptions of Theorem 1.1 we can use Theorem 2.3 to get
∫
B1
(
(u− k)+
) np
n−(p−1) dx =
∫
B1
((
(u− k)+
) p
p−1
)(p−1)∗
dx
≤ C
{∫
B1
∣∣∣∇(((u− k)+) pp−1)∣∣∣p−1 dx}
(p−1)∗
p−1
= 0,
which means that
(u− k)+ ≡ 0 inB1.
Hence, supB1 u
+ ≤ k. This gives
sup
B1
u+ ≤ k = C0
(
sup
B4
u+
)n−p(p−1)
n
{∫
B1
|∇u+|p−1u+ dx
}p−1
n
≤ C0
(
sup
B4
u+
)n−p(p−1)
n
(
sup
B4
u+
) p−1
n
{∫
B1
|∇u+|p−1 dx
}p−1
n
= C0
(
sup
B4
u+
)n−(p−1)2
n
{∫
B1
|∇u+|p−1 dx
} p−1
n
.
By Ho¨lder’s inequality we find∫
B2
∣∣∇u+∣∣p−1 dx = ∫
B2
∣∣∇u+∣∣p−1 χ{u>0}∩B2 dx
≤
{∫
B2
|∇u+|p dx
} p−1
p
{∫
B2
χ{u>0}∩B2 dx
} 1
p
=
{∫
B2
|∇u+|p dx
} p−1
p
|{u > 0} ∩ B2|
1
p ,
which gives
sup
B1
u+ ≤ C0 |{u > 0} ∩B2|
p−1
np
(
sup
B4
u+
)n−(p−1)2
n
{∫
B2
|∇u+|p
} (p−1)2
np
.
We now use the ordinary Caccioppoli inequality, Lemma 2.1, with r = 2. Hence,
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sup
B1
u+ ≤ C1 |{u > 0} ∩B2|
p−1
np
(
sup
B4
u+
)n−(p−1)2
n
{∫
B4
(u+)p dx
} (p−1)2
np
≤ C2 |{u > 0} ∩B2|
p−1
np sup
B4
u+,
which proves the Oscillation Theorem.
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